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Abstract

Process capacity indices (PCIs) were developed and have been successfully used by companies to compete in and

dominate the high-pro®t markets by improving the quality and the productivity since the past two decades. There is an

essential assumption, in the conventional application, wherein the output process measurements are precise and dis-

tributed as normal random variables. Since the assumption of normal distribution is untenable, errors can occur if the

Cpk index is computed using non-normal data. In the present study, we address the situation that the output of data

from measurement of the quality of a product is insu�ciently precise or scarce. This is possible when the quality

measurement refers to the decision-makerÕs subjective determination. In such a situation, the linguistic variable that is

easier to capture the decision-makerÕs subjective perception is applied to construct the PCI Cpk . The present approach

can mitigate the e�ect when the normal assumption is inappropriate and extends the application of Cpk index. Ó 2001

Elsevier Science B.V. All rights reserved.
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1. Introduction

A common way to summarize the process per-
formance is by using the process capacity indices
(PCIs) which provide information with respect to
engineering speci®cation [10]. The measurement of
performance of a process considering both the
location and the dispersion information about it is
referred as the PCI of interest in the present study,
Cpk . It is de®ned as follows:

Cpk � �1ÿ k� � T
6s
;

where k � �xÿ lj j=�T =2�, �x and s are the mean and
standard deviation calculated from a sample, l is
the central value of speci®cations and
T � USLÿ LSL, the di�erence in the upper and
lower bounds of speci®cations is usually explained
as the toleration of speci®cations. This index can
be explained as the multiplication of the capability
of accuracy that concerns the location information
of the process and the capability of precision that
concerns the dispersion information of the process,
respectively. Another de®nition for index Cpk is as
follows:
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Cpk � min Cpk�U�; Cpk�L�
ÿ �

;

where

Cpk�U� � USLÿ �x
3s

; Cpk�L� � �xÿ LSL

3s
:

Then index Cpk is the shorter standardized dis-
tance from the center of the process to either USL
or LSL [1]. These two de®nitions represent the
same thing and get the same result for a speci®c
sample. De®nition 1 is more concise and easy to
operate. In this research, we refer the index Cpk to
the ®rst de®nition, while the procedure discussed
below can be applied to another de®nition with no
modi®cation.

The PCIs are used in industry. An underlying
assumption is that the output process measure-
ments are distributed as normal random variables.
When normal distributions are assumed, however,
di�erent distributions are present such as skew,
heavy-tailed, and short-tailed distributions and the
percentages of non-conforming parts are signi®-
cantly di�erent from the computed PCIs indica-
tion. Experience shows that the normality
assumption is often not met in real world appli-
cation. Rivera et al. [11] have discussed these is-
sues, using the data transformation technique to
conform the data arising from non-normal distri-
bution to the normality assumption, while the
PCIs were computed for the transformed data. In
the present study, we address a situation when the
data obtained from the quality measurement of
product are of linguistic value or are insu�ciently
precise, while the conventional assumption of any
data distribution is no more appropriate. The sit-
uation arises since it is di�cult to de®ne the quality
of the product using numerical values. For exam-
ple, the buyer asks that the foaming of a polymer
product must be suitable. Since the foaming pro-
cess is in¯uenced by the processing time, temper-
ature and other uncontrollable factors it may
cause over foaming or under foaming of the
polymer product. However, due to over foaming,
the density of the product is lower and the wear-
resisting property of the product is poor. On the
other hand, due to under foaming, the density of
the product is higher and the elasticity of the
product is hurt. Hence, the conventional quality

measurement proves to be di�cult for evaluating
the performance of the process directly. In order to
overcome such situations, fuzzy theory [13±16] is
applied to construct the PCI. Fuzzy set theory, as
developed by Zadeh [13±15], and the concept and
arrangement of fuzzy numbers presented by Du-
bois and Prade [4±7] are applied to improve the
presentation of the fuzzily de®ned system. Besides,
Liang and Wang [9] have developed an algorithm
for personnel selection, wherein, they ®rst aggre-
gate the decision-makerÕs linguistic assessments
regarding subjective criteria weightings and ratings
to obtain the fuzzy suitability index and its ranking
value for each candidate. Lee [8] has discussed a
manpower forecasting problem when the inde-
pendent variables are fuzzy numbers in his re-
gression model. In the present study, the linguistic
variables are used to express the evaluation of the
quality of a product. Consequently, Cpk is de®ned
with fuzzy numbers. It can be applied to evaluate
the capacity of a process where human judgments
are involved in the evaluation of the process per-
formance, since the index Cpk involves the location
information and the dispersion information, si-
multaneously. These informations are presented
by the mean and standard deviation of the pro-
ducing process. These two statistics have been
proven to be independent [12]. We treat them as
non-interactive variables. In the next section, the
membership functions of mean and standard de-
viation of fuzzy number are conducted. In Section
3, the Cpk index estimation presented by fuzzy
numbers is constructed and its membership func-
tion is approximated. Besides, the defuzzy opera-
tion is also depicted in this section. Section 4
concludes the study.

2. The membership function for standard deviation

of fuzzy number

The Cpk index is the multiplication of capability
of accuracy and capability of precision of a process
simultaneously. Besides, these two capacities are
calculated from the mean and standard deviation
of the data collected from the producing process.
In order to obtain the membership function of Cpk ,
the membership functions of the two statistics
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must be identi®ed beforehand. First of all, Prop-
osition 1 is carried out for further use in the pre-
sent study. Let us assume that ~xj; j � 1; . . . ; n;
~yj; j � 1; . . . ; n, be samples of the random vari-
ables of fuzzy number. ~x and ~y have triangular
membership function as follows:

U~xj�xj� �
1

pjÿoj
�xj ÿ oj�; oj6 xj6 pj;

1
pjÿqj
�xj ÿ qj�; pj6 xj6 qj;

0; otherwise;

8><>:
U~yj
�yj� �

1
mjÿlj
�yj ÿ lj�; lj6 yj6mj;

1
mjÿnj
�yj ÿ nj�; mj6 yj6 nj;

0; otherwise;

8><>:
let

x
g �

Pn
j�1 ~xj

n
; y

g �
Pn

j�1 ~yj

n

be the average operation for fuzzy numbers ~x and
~y, respectively.

Proposition 1. Define COV
�~x; ~y�� �1=n�Pn

j�1�~xj ÿ x
g��~yj ÿ y

g� as the covari-
ance between the fuzzy numbers ~x and ~y. Then the
membership function for COV�~x; ~y� is obtained as
follows:

UCOV�~xj; ~yj��r��

ÿB1

2A1
� B1

2A1

� �2

ÿC1ÿr
A1

� �1=2

; C16r6C3;

B2

2A2
ÿ B2

2A2

� �2

ÿC2ÿr
A2

� �1=2

; C36r6C2;

0; otherwise;

8>>>>><>>>>>:
�1�

wherein

A1 � 1

n

Xn

j�1

�bj ÿ aj��ej ÿ dj�;

A2 � 1

n

Xn

j�1

�cj ÿ bj��fj ÿ ej�;

B1 � 1

n

Xn

j�1

�aj�ej ÿ dj� � dj�bj ÿ aj��;

B2 � 1

n

Xn

j�1

�cj�fj ÿ ej� � fj�cj ÿ bj��;

C1 � 1

n

Xn

j�1

ajdj; C2 � 1

n

Xn

j�1

cjfj; C3 � 1

n

Xn

j�1

bjej

and

aj � oj ÿ
Pn

j�1 qj

n
; bj � pj ÿ

Pn
j�1 pj

n
;

cj � qj ÿ
Pn

j�1 oj

n
; dj � lj ÿ

Pn
j�1 nj

n
;

ej � mj ÿ
Pn

j�1 mj

n
; fj � nj ÿ

Pn
j�1 lj

n
:

Proof. By the extension principle of fuzzy sets
[11,13±15] and the de®nition of the triangular
fuzzy number [4,5,7], the average and the sub-
tracting operations of a set of triangular fuzzy
numbers are still a triangular fuzzy number. For
example, if ~A � �a; b; c� and ~B � �d; e; f � then

~C � 1

2
� ~A� ~B� � a� d

2
;

b� e
2

;
c� f

2

� �
;

~D � � ~Aÿ ~B� � �aÿ f ; bÿ e; cÿ d�:

By the above extension principles, the membership
functions of the fuzzy number ~xj ÿ x

g
and ~yj ÿ y

g
are

available.
From the membership functions of the fuzzy

number ~xj ÿ x
g

and ~yj ÿ y
g

, the a-cut interval sets for
the two fuzzy numbers are

~xj

�
ÿ x

g
�a
� �aj � a�bj ÿ aj�; cj � a�bj ÿ cj��;

~yj

�
ÿ y

g
�a
� �dj � a�ej ÿ dj�; fj � a�ej ÿ fj��;

respectively. By the extension principle of the fuzzy
sets, the multiplication of two a-cut interval sets
results in a a-cut interval set as

Za
j � ~xj

�
ÿ y

g
�a
� ~yj

�
ÿ y

g
�a

� f�aj � a�bjaj�� � �dj � a�ejdj��;
�cj � a�bj ÿ cj�� � �fj � a�ej ÿ fj��g:

The membership function of the fuzzy number Za
j

is facile.
Although the membership function of Za

j is
obtained, it is not again a triangular fuzzy number.
Hence, the summation of the n fuzzy number de-
rived a fuzzy number with an approximated rela-
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tionship function as Function 1 above. Fig. 1 de-
scribes the shape of the approximated function.

From Proposition 1, the membership function
for SS~x � �1=n�Pn

j�1�~xj ÿ x
g��~xj ÿ x

g� as the sum of
square error of fuzzy numbers ~x is obtained as
follows:

USS~x�s��

ÿB1

2A1
� B1

2A1

� �2

ÿC1ÿs
A1

� �1=2

; C16s6C3;

B2

2A2
ÿ B2

2A2

� �2

ÿC2ÿs
A2

� �1=2

; C36s6C2;

0; otherwise;

8>>>>>><>>>>>>:
�2�

where

A1 � 1

n

Xn

j�1

�bj ÿ aj�2; A2 � 1

n

Xn

j�1

�cj ÿ bj�2;

B1 � 1

n

Xn

j�1

2aj�bj ÿ aj�; B2 � 1

n

Xn

j�1

2cj�cj ÿ bj�;

C1 � 1

n

Xn

j�1

a2
j ; C2 � 1

n

Xn

j�1

c2
j ; C3 � 1

n

Xn

j�1

b2
j

and

aj � oj ÿ
Pn

j�1 qj

n
; bj � pj ÿ

Pn
j�1 pj

n
;

cj � qj ÿ
Pn

j�1 oj

n
:

The membership function for the standard devia-
tion

S~x �
������������������������������������������
1

n

Xn

j�1

�~xj ÿ x
g��~xj ÿ x

g�
vuut

is obtained immediately as follows:

US~x�s��

ÿB1

2A1
� B1

2A1

� �2

ÿC1ÿs2

A1

� �1=2

; C16s6C3;

B2

2A2
ÿ B2

2A2

� �2

ÿC2ÿs2

A2

� �1=2

; C36s6C2;

0; otherwise;

8>>>>><>>>>>:
�3�

the meaning of each symbol in Eq. (3) is the same
as Eq. (2). For simplicity, in practice, the ap-
proximation formula US~x�s� � �C1; C3; C2� that
represents the triangular fuzzy number can be
used [8].

3. Membership function of fuzzy index Cpk

The membership function of the index Cpk is
obtained by ®rst approximating the membership
function to a triangular function for the capability
of accuracy and the capability of precision, re-
spectively. Finally, Proposition 1 is applied to
conduct the membership function of the index.

Let the membership functions of the parame-
ters LSL, USL and target value ~l have the trian-
gular form of (l, m, n), (o, p, q) and (w, y, z),
respectively. Suppose the central value of mem-
bership function of x

g
is larger than y (if x

g
is not

larger than y, then the conduction process is sim-
ilar as the following and can be easily followed).
By Proposition 1, the membership function of
x
gÿ ~l is a triangular form ofPn

j�1 oj

n

�
ÿ z;

Pn
j�1 pj

n
ÿ y;

Pn
j�1 qj

n
ÿ w

�
:

The membership function of T=2 is also a trian-
gular form of (�1=2��oÿ n�; �1=2��p ÿ m�; �1=2�
�qÿ l�). Consequently, the membership function
of 1ÿ k is approximated as a triangular form of

1

�
ÿ

Pn
j�1 oj

n

�
ÿ z
�

2

qÿ l

� �
; 1ÿ

Pn
j�1 pj

n

�
ÿ y
�

2

p ÿ m

� �
; 1:ÿ

Pn
j�1 qj

n

�
ÿ w

�
2

oÿ n

� ��
:

Fig. 1. Shape of the approximated membership Function 1.
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Besides, the membership function of T=6s is also
approximated to the triangular form of

�o
�
ÿ n� 1

6C2

� �
; �p ÿ m� 1

6C3

� �
;

�q:ÿ l� 1

6C1

� ��
:

Let

a � 1ÿ
Pn

j�1 oj

n

�
ÿ z
�

2

qÿ l

� �
;

b � 1ÿ
Pn

j�1 pj

n

�
ÿ y
�

2

p ÿ m

� �
;

c � 1ÿ
Pn

j�1 qj

n

�
ÿ w

�
2

oÿ n

� �
;

d � o� ÿ n� 1

6C2

� �
; e � p� ÿ m� 1

6C3

� �
;

f � q� ÿ l� 1

6C1

� �
:

Finally, Proposition 1 is again applied to obtain
the membership function for index Cpk as follows:

UCpk �I� �

ÿB1

2A1
� B1

2A1

� �2

ÿ C1ÿI
A1

� �1=2

; C16 I6C3;

B2

2A2
ÿ B2

2A2

� �2

ÿ C2ÿI
A2

� �1=2

; C36 I6C2;

0; otherwise;

8>>>>>>><>>>>>>>:
�4�

where

A1 � �bÿ a��eÿ d�; A2 � �cÿ b��f ÿ e�;
B1 � a�eÿ d� � d�bÿ a�;
B2 � c�f ÿ e� � f �cÿ b�;
C1 � ad; C2 � cf ; C3 � be:

After the membership function of Cpk is ob-
tained, the next step is to calculate the ranking
values for the membership function of Cpk for all
quality evaluations. It converts the fuzzy number
Cpk to a crisp score for the purpose of comparison.

Many fuzzy ranking methods have been proposed
[2,3]. For simplicity of calculation and problem
solving capacity, the method proposed by Chen [3]
is applied to rank the fuzzy suitability index. Let
G(I) be the suitability index for fuzzy index Cpk ,
then de®ne the two other sets which are the max-
imizing set M � f�I ; fM�I�� I 2 Rj g and the mini-
mizing set m � f�I ; fm�I�� I 2 Rj g with two related
functions as

fM �
IÿI1� �
I2ÿI1� � ; I16 I 6 I2;

0; otherwise;

(

fm �
I2ÿI� �
I2ÿI1� � ; I16 I 6 I2;

0; otherwise;

(

where

I1 � inf D; I2 � supD; D �
[p
i�1

Di;

Di � I uGi�I�
��� > 0

	
; i � 1; 2; . . . ; p;

and p is the number of processes being considered
to compare. If the value of p is 1 that means we
just want to know the capacity of a speci®c
process, then we can set I1 � 0 and I2 � 1.
Thereafter, de®ne the optimistic utility UM�G� �
sup I uG�I�KuM�I�

ÿ �
and the pessimistic utility

Um�G� � 1ÿ sup I uG�I�Kum�I�
ÿ �

. After certain neces-
sary manipulations, the values of UM�G� and Um�G�
for the problem in the present study are obtained
as follows:

UM�G� � ÿ�B2 � 1�
2A2

ÿ ÿ�B2 � 1�
2A2

� �2
"

ÿ C2

A2

#1=2

;

Um�G� � ÿ�B1 � 1� 2A1�
2A1

ÿ ÿ�B1 � 1� 2A1�
2A1

� �2
"

ÿ B1 � C1

A1

�
� 1

�#1=2

:

Finally, the ranking value is obtained by a linear
combination of the value of UM�G� and Um�G� as
UT �G� � a�UM�G�� � �1ÿ a��Um�G��; 06 a6 1. The
value of a can be manipulated to re¯ect the
scheduler's risk taking attitude. Although, the
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calculation is a little tedious, however, with a
formula it can be easily calculated by a computer.
The larger value of UT �G� indicates that the mean of
quality measurement of the sample is closer to the
target of speci®cation and the quality of the sam-
ple is more coincident and stable.

4. Conclusion

The objective of the present study is to pro-
pose a method to calculate the Cpk index when
precise quality cannot be identi®ed and must be
referred to the decision-makerÕs subjective eval-
uation of the quality of product. The fuzzy set
theory and the linguistic variables are applied to
tackle these problems. While applying this ap-
proach, the practitioner must ®rst de®ne the
membership function of each linguistic variable
according to the property of the quality to be
measured. The membership function for statistic
mean and standard deviation can be approxi-
mated according to the membership function of
the linguistic variables. Finally, the membership
function of the Cpk index is conducted and the
ranking value is calculated. Although, in the
present research, we con®ne that all the fuzzy
numbers have triangular membership function.
This can be released for other types of mem-
bership functions but the complexity of applying
the extension principle increased. However, the
exposition approach proposed in our paper is
generic enough to be applicable to the fuzzy
number with other types of membership func-
tions.
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